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On Decay of Correlations for Unbounded Spin
Systems with Arbitrary Boundary Conditions

Aldo Procacci! and Benedetto Scoppola?
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We propose a method based on cluster expansion to study the truncated corre-
lations of unbounded spin systems uniformly in the boundary condition and in
a possible external field. By this method we study the spin-spin truncated corre-
lations of various systems, including the case of infinite range simply integrable
interactions, and we show how suitable boundary conditions and/or external
fields may improve the decay of the correlations.
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INTRODUCTION

In recent times a considerable effort has been spent to generalize the clas-
sical framework of the complete analiticity for bounded spin systems to
the unbounded case. This effort is motivated by the fact that, both in the
bounded and in unbounded case, it is in general difficult to prove directly
the log-Sobolev inequality, which ensures the complete analyticity, or the
existence of a spectral gap for the spin systems, while it is possible to prove
the equivalence of the existence of the spectral gap with some other prop-
erty of the systems easier to check.

The complete scenario of the bounded case, see refs. 1 and 2, has been
almost completely recovered in the unbounded case in ref. 3, which proved
that the log-Sobolev inequality and the existence of a spectral gap for
models of interacting unbounded spins equipped by a local potential
satisfying reasonable conditions and finite range interactions is equivalent
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to the exponential decay of the spin—spin truncated correlation uniformly
in the boundary conditions.

In many other recent papers, see, e.g., refs. 4-8, the uniform exponen-
tial decay of the correlations has been proved with various techniques for
the same range of models.

The decay of correlations for unbounded spin systems with empty
boundary conditions is an argument studied since a long time, see, e.g.,
refs. 9-11.

A related topic is the study of the unicity of the Gibbs measure. Results
in this sense have been obtained so far using suitable generalizations of the
Dobrushin theory, see refs. 12 and 13 and, more recently, ref. 14, where the
decay of the correlations is also treated. In refs. 13 and 14, however, only
the finite range case is studied. Note, moreover, that in refs. 4-8 the
problem is to find the behaviour of the truncated correlation independently
on the boundary conditions, i.e., also when the boundary does not satisfies
the conditions needed to prove unicity.

In this paper we propose a method to study the decay of the spin—spin
correlations uniformly in the boundary conditions based on cluster expan-
sion techniques. Such method is inspired by ref. 9.

With our technique we are able to prove all the known results for the
finite range case, including the equivalence of the exponential decay of the
spin—spin truncated correlation and the analogous decay of the truncated
correlations between measurable functions. Moreover we can prove some
additional generalizations.

In particular we prove the exponential decay of the correlations uni-
formly in the boundary conditions when the interaction in the system is
infinite range with exponential decay. Then, for infinite range interactions
with summable power law, we prove that the spin—spin correlations have
the same decay as the interaction. This result was not known in literature
even for empty boundary conditions (see reference above). In this case one
expect from a dynamic point of view a slow convergence to the equilib-
rium. Very recently an analogous result has been proved with different
techniques in ref. 15 for bounded spin models with ferromagnetic inter-
actions. Note that with our technique we do not need to impose any con-
straint on the sign of the interaction, and hence we are able to prove the
decay of the correlation even, e.g., for disordered systems with summable
interaction.

Finally we show how large boundary conditions and/or the presence
of an external field may improve the decay of the correlations. As a
byproduct of this we are able to control the decay of the correlations and
the convergence of the free energy at low temperature for systems with
boundary conditions and constant external field suitably chosen.
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The main idea behind our results is the following. Let us call u(¢,) the
product measure of the system and J the strenght of the interaction
measured in the L, norm

sup Y Wyl=J<+w 0.1

xel” y#x

The quantites that one has to control in order to have convergence of
the cluster expansion are the following moments of the modified product
measure

C.() = [ 1917 e’ dp(4.) 0.2)

where o € N. In order to have convergent expansions one has to prove that
C,(J) <ol A*C(J) 0.3

where the constants 4 and C(J) are independent on the boundary condi-
tions, and to impose that the quantity JC(J) is small.

It is clear that when a dependence on the boundary conditions is
included in the product measure u,, there is no hope to find a uniform
bound of the form (0.3). Nevertheless one can introduce, simply shifting
the fields, a different model in which the field is substituted by its deviation
with respect to some configuration which minimizes the Hamiltonian. In
this way the free energy is not uniformly bounded in the boundary condi-
tions, but this divergence appears only in an overall constant factor, and
will not affect the truncated correlations.

On the other side the new product measure that one obtains for the
shifted fields is now under control in the sense of (0.3) uniformly in the
boundary conditions.

Similar ideas have been used before in different context (see, e.g.,
refs. 16 and 17). Since the properties of the resulting shifted measure are
quite crucial in our work, we describe it in some detail in Section 2 and we
study its properties in Section 3.

The rest of the paper is devoted to the computation via cluster expan-
sion of the spin—spin correlations exploiting (0.3).

This is in some sense quite standard (see the references above),
however our careful treatment of the convergence of the series, using a
representation of the spin spin correlation borrowed from Simon®® and the
Battle-Brydges—Federbush trees technique, allows us to obtain the above
mentioned decay of the correlations with the same power as the interaction.
The representation of the spin—spin correlation is presented in Section 4.
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In Section 5 we state our main general result and we add to it some
useful remarks and exemples. The proof of our theorem is in Section 6.

1. THE ORIGINAL MODEL

Let us denote with Z“ the simple cubic unit lattice in d dimensions
equipped with the usual Euclidean distance.

Suppose that in each site x € Z“ is defined a variable ¢, called spin or
field, which takes values in R. A configuration ¢ is a function ¢: Z¢ - R.
Let A< Z° We call ¢, the restriction of ¢ to A. We also denote A°=
7\ A.

We consider the lattice model described by the Gibbs measure

KO =20 — S I dd. e (L.1)

where d¢, is the Lebesgue measure in R and the partition function Z(4, w)
is defined by

Z(A, w) = j [T do, e~Gs (1.2)

xed

The Hamiltonian of the system is

H(q;As CO) = Z U(¢x) - Z ny¢x¢y + z hx¢x

xed {xy}nd+ xed
= z [U(¢x) _¢xwx] - 2 ny¢x¢y (13)
xed {x,y}c4

U(x) is an even polynomial of degree 2k, k > 1, of the form
k—1
U(x) =x%*4 Z Uy X% (1.9
i=0
with u,, € R; as stated in the introduction, the pair potential J,, is such that

sup Y, [J,l=J< 4o (1.5)

xEZd y#X

h, € R represents the external field, and in the last line of (1.3) we defined

=—h+ Y J,9, (1.6)

yedt
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The boundary fields ¢, with y e 4° must be chosen in such way that
> ea Iy, is finite for all x.

In this paper we study the 2-points truncated correlation u% (4., ¢,),
defined by

#4(Ds 9,) = 15 (9:9,) — 159 14(6,) (1.7)

As stated in the introduction, in the recent literature (see, e.g., refs. 3,
4, 6-8 for similar results), in the case of couplings J,, small enough and
finite range, the following bound has been proved

|15 (¢, ¢,)| < Ce 7 (1.8)

with C and y positive constants independent on 4 and w. Moreover in ref. 3
it is proven the equivalence between (1.8), the log-Sobolev inequality and
the existence of the spectral gap.

Here we propose an alternative technique to obtain the bound (1.8)
which allows us to treat also the case of infinite range interactions, and, for
suitable boundary conditions and/or external field the case of strong
interactions.

2. THE SHIFTED MODEL

We write the Hamiltonian as in the last line of (1.3)

H= Z [U(¢x)_¢xwx]_ Z ny¢x¢y (21)

xed {x,y}c4

where w, is defined in (1.6).
Then we perform a change of variables defining new fields i, which
are simply a translation of fields ¢, namely

¢ =Y.+, (2.2)

The translation vector { = (J,., {, is chosen in such a way that it mini-
mizes the Hamiltonian (2.1). Hence we define { as a solution of the follow-
ing set of equations

U)—o,— Y J,{,=0 Vxed 2.3)

yedy#x

Note that the system (2.3) always admits real solutions, since H is a poly-
nomial of degree 2k in |A|-variables bounded below.
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The Hamiltonian (2.1) may now be rewritten defining

4:() =U(+{)-U)-U'() ¥, 24

as

H=3% qW)— ¥ J¥¥,+CO=HP)+C(O) 2.5)

xed {x,y}c4

where by (2.4) it is easy to see that ¢,.(y/,) does not contain terms linear in
the field for any x, and where

CO=3 WC)-tw)— ¥ L,

xed {x,y}c4

can be bounded by a suitable constant of the form |C({)| < |4| C, where C
depends in general from boundary conditions and the external magnetic
field, and may diverge with them. The shift constants {, in general depends
on the boundary spin configurations and/or on the external magnetic field,
and they can be arbitrarily large for any x (even inside the bulk) if the
boundary fields and/or the external magnetic field are large enough. In
general the choice of the configuration ’ is not even unique. However the
basic feature of the shifted Hamiltonian, i.e., the absence of linear terms in
the field, (see next section for more details) is preserved for every choice of
the local minimizer, and this is the essential feature to control uniformly
the quantites of the form (0.2) in the sense of (0.3). An optimal choice of ¢
gives the optimal condition on the smallness of the interaction J,, needed
to have decay of correlations.
We define also the number

{=inf |2, 26

and the constant { may be taken as a reasonable parameter to measure the
influence of the boundary conditions and the external field on the system.
The partition function can be rewritten

Z(A, ) = e=<® f [T dv, e "Fao 2.7)

xeAd

Defining the local probability measure

e gy

dv, () = W

2.8)
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and defining also

[ Tl dvo(§,) eZimn=amolab()

P = T e dv, (9) =70 22
it is easy to check that
Lemma 1.
1@, ¢)) = B5(s ¥,) (2.10)
Moreover the partition function (1.2) is written as
Z(A, w) = C,(A) Z(A, ®) (2.11)
with
Z(A, ) = j HA dv, (1) et catobaty 2.12)
C,(A) =e=© [1 j e~ gy (2.13)

3. PROPERTIES OF THE LOCAL MEASURE v,,

In order to bound by cluster expansion techniques the quantity
log Z(A, ) and the truncated correlations we need to control uniformly in
{ and hence in w the quantities

Cud) = [ Wl” e dv, () 3.1

where « € N and J is the constant appearing in (1.5).
Inserting (1.4) in (2.4), we first write explicitly the function ¢,(y,) as

qx(lﬁx) Pk(lﬁx) + Z Uy; (l/jx (32)

where

P = (407 — (32121, = ¥ (2’>c2' " (3.3)

j=2
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Hence ¢,.(Y,) is a polynomial of degree 2k in , without constant and
linear term; namely it has the structure

q.(¥.) = 422 Gl ¥s (34

where C;({,) are also polynomials in {, and C,.({,) = 1.
We now state the following lemma

Lemma 2. For any given U(x) of the form (1.4) there exists a posi-
tive constant B, and two positive functions C,(J) and Fy(J) satisfying,
for some constants C, F

1<Cy()<CI%2  1<Fy(J)<FJ*
such that
(@ For (| >Cy(J)
4 () =% =350 (3.5
9:(.) < ByLY¥ YL whenever |y, <|( (3.6)

@ii) For |{,|<Cy(J)

4 () —IY3 = 3y = Fy(J) €X)
0. (Y.) S +Fy(J) (€RY)

The proof of Lemma 2 is given in the Appendix, together with explicit
expressions for By, Cy,(J) and F,(J), see (A.11), (A.10) and (A.14). As a
simple corollary of Lemma 2, we can now state the following lemma, which
states the control of the form of (0.3) of the quantites C,(J) defined in
introduction.

Lemma 3. For any a € N and for all x

Jte v <1 (5) 20,0 (3.9
with
Cy .
CWU,¢) = o®=D) if {>Cy(J) (3.10)

C v if (< Cy(J)

where C, and A4 are constants independent on J and (.
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Note that, for fixed ¢, and for J large, C(J,{) increases as C’ * for
some C greater than 1, while lim, _, ,, C(J, {) = 0 for any fixed J.

Proof. Consider first |{,| < Cy(J). Recalling definition (2.8) and
using (3.7) and (3.8) we get

[ Y| e~ -1 gy, o Jr e Ry,

<2F

[l e dv, () =

I —4x(¥x) dl/l j efzk//x dlﬁx
at+2 1 1 -1
< vt at =
oo (5 ()
<F(2>A2C e¥u” (3.11)

Then we consider the case |{,| > C,(J). Using that C,;(J) =1 and B, > 1
(see (A.11)), we have by (3.6)

x| %-2,2

1 1 2 1
ay, e =0 > 2 Bubs iz ——— | e ldt > ———
J v J ) A

and by (3.5)

2k—2,2

Ve ]

at1\[ 2702 1
‘F< 2 )H i€, [ %D

jd‘/’ et Y |7 e ’*”x<jdl// 1%

thus we obtain

* W] atlyf2qeee 1 ey G
[d=e de(wx)<r< 5 )[k e <73 ) e
(3.12)

Collecting (3.11) and (3.12) and putting C;, = max {C, ;, C, ,}, we get

[ Wl e av, ) <1 <§> A3CUL 1)
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Recalling that { =inf, |{,| and observing that C(J,|{,|) is a decreasing
function of |{,| for any fixed J we have that C(J, |{,|) < C(J, {) for all x
and J, which completes the proof.

4. POLYMER EXPANSION

Let us first recall some basic definitions about graphs in finite sets. In
general, if 4 is any finite set, we denote by |4| the number of elements of 4.
Given a finite set 4, we define a graph g in A as a collection {4,, 4,,..., 4,,}
of distinct pairs of A4, ie., 4 ={x,y;} =R with x;#y,. The pairs
My Agye.ny A,y are called links of the graph g. We denote by |g| the number of
links in g. Given two graphs g and f we say that f — g if each link of f is
also a link of g.

A graph g= {4, 43,..., 4,,} in A is connected if for any pair B, C of
subsets of 4 such that Bu C = 4 and Bn C = JJ, there is a 4; € g such that
ANnB#Q and 4, nC# . If g is connected, then necessarely ()7, A
=Aand |4|—-1<m<|4|(|4]-1)/2.

If g is a graph on A4, then the elements of A4 are called vertices of g. We
denote by G, the set of all connected graphs in 4.

A tree graph 7 on {l,..., n} is a connected graph such that |r| =n—1.
The set of all the tree graph over {l....,n} will be denoted by 7,. The
number of incidence d; of the vertex i of a tree graph 7 € 7, is the number of
links A € 7 such that i € . We recall that for any 7 and for any i € 7, the
incidence numbers have the following properties: 1 <d; <n—1and Y7_, d;
=2n-2.

We now rewrite the “shifted” partition function Z(A, ) and its
logarithm (via Mayer expansion on the factor e*Z{x»=4/w¥=¥») in term of
an hard core polymer gas. As it is well known we get

. 1
ZAo)=1+Y — > P(R,)- - p(R,) 4.1
nx=1 1% Ry,...,R,c4
RiARj=Q |R|>2

where R,,..., R, = A is a collection of subsets of A, called polymers, with
activities p(R) given by

PR =[dv,(h) T TI (e —1) 42)

geGr {x,y}c4

where [ dv,(Yg) =|Tlccr v, () and ¥, g, is the sum over the con-
nected graphs on the set R.
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One has also

~ 1

lOg Z(A’ w): Z E Z ¢T(R17"'5Rn) p(Rl)p(Rn) (43)
n=1 " Ri,..,R,c4

[Ri| =2

with

1 if n=1

> req, (=DM if n>2 and g(R,,..., R) €G,
f<cg(Ry,... Ry) (44)

¢T(Rls“'a Rn) = {

where we denote by G, the set of the connected graphs on {1,...,n} and by
g(R,,..., R,) the graph in {1, 2,..., n} which has the link {7, j} if and only if
R NRj# .

Note that, if g(R,,..., R,) is not connected, then ¢”(R,,..., R,) =0,
since the sum on f in (4.4) runs over connected subgraphs of g(R,,..., R,).

The convergence of the expansion (4.3) is an argument widely studied
by cluster expansion techniques. We shall see in Section 6 that the small-
ness of the quantity JC(J, {), where C(J, {) is the constant appearing in
the estimate (3.9), is the basic tool needed to obtain such convergence.
However, since such convergence is a byproduct of the convergence of the
spin—spin truncated correlations (1.7), we give here their explicit expression
in term of polymers,"® and we treat directly the problem of the conver-
gence of the correlations. This is achieved just recalling Lemma 1 and
noting that the following identity holds

k

=—10g Z(A’ , al’a2)|a=0 (45)
Oot, 0oty

ﬁA (le H lpxz )

where
Z( A, 0, 00, 00) = [ dvy () T =450 (Lt oy, )1+,

It is now easy to expand Z(4, w, a,, a,) in terms of polymers. For any
R < A let us denote by I, the subset (possibly empty) of {1, 2} such that
i €I iff x; € R. We get

~ 1 - ~
Z(A, 0, 04,0)=1+3, — ) P(Ry, a)--- P(R,, ) (4.6)
n>11" R, . R,c4
RinRi=0 |R;|>1
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where
sde(lpR) [Licr, Atoihy) Xee, H{x,y}eg (e”h¥r —1)
P(R, x) = for |R|>2
.‘de('//R) [Licr “i‘/’x,- for I #, |R|=1
0 for Iy=, |R|=1

Note that also one-body polymers R = {x} can contribute to the partition
function (4.6), but only if x = x; for some i € {1, 2}.

Now taking the log of (4.6) and observing, by (4.5), that only the
terms proportional to o,a, will give a non vanishing contribution to the
2-points truncated correlation functions, we get

:u(;l)(¢x1 s ¢xz) = ﬁA (l//xl B lpxz)
1 Z 5 .
= Z ) Z Z ¢T(Rls"" Rn)p(Rl)p(Rn)
n>1 05 =1 Ry R c4|R)|>2
R,-1 ale,-2ax2 (47)

where

F(R) = [ dv, (W) (WE + Bl )WE +Big(x)) Y ] (e —1)

gEGRi {x’y}Eg (4.8)
with
) 0 if i#i,
£={ LR “.9)
1 if i=i;
and
g(0) = [ dv, () . (4.10)

Note that the one-body polymers are absorbed in the activity of the many
body polymers (in the terms proportional to g), due to the fact that
R,,..., R, must be connected and therefore each 1-body polymer (if any) is
always contained in at least one many-body polymer. Remark also that, for
any x € A we have

el <r(3)c0.0 @1
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5. THE DECAY OF THE SPIN-SPIN CORRELATIONS

In this section we state the main result of the paper and we make some
remarks about its applicability.

Theorem. The spin-spin truncated correlation written as the series
in the r.h.s. of (4.7) converges absolutely, uniformly in the configuration w
of the w,’s defined in (1.6) and A, for JC(J, {) sufficiently small, where
C(J, {) is the constant appearing in (3.9). Moreover it satisfies the follow-
ing bounds.

(i) If J,, is finite range, i.., if there exists # such that J,, =0 if
|x—y| > £, then

|15 (¢, > B, < Cem Ol (5.1)

where C is a constant uniform in { and 4, and the “mass™ m(J, {) which
controls the exponential decay is bounded from below uniformly in { and 4
G.e., m(J,)=m(J) for all {, A); moreover for small J m(J,{)=
O(5 |log J|) and for large { m(J, {) = O(4log (), i.e., the decay is stronger
if the temperature J ! or the external boundary parameter { are higher.

(i) IfJ,, <Be 7k

xy X

|15 (Bsy s )| < Cle72 7] (5.2)

where C' is a constant uniform in { and 4

c\7 CF -
(i) If o S || < o with a > d

c\J cJ
<GPy b)) S (5.3)
|21 — ;| |1 — |

where C7, C5 are constants uniform in { and 4.

Remarks.

(1) The result (i) cover the analogous result found in recent literature
(see, e.g., refs. 3-8, 19). With our techniques however we need, to control
the convergence of the expansions, the smallness of the quantity JC(J, {).
Since C(J, {) is small for any J when |{| is large enough (see the first line of
(3.10)) our theorem holds also for large couplings J,, and { large depending
on J. This allows us to cover some particular cases that can be meaningful
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from a physical point of view and are not treated in the former related
works. For example it is easy to see that when A, has a definite sign on all
the lattice sites and is large enough, and the boundary conditions have the
same sign of 4, then |{] is large.

From a physical point of view this example is quite clear: even when
the system is expected to have more than one phase, suitable external fields
may force it in one phase. The same result may be obtained by suitable
boundary conditions if they increase very rapidly with the volume. Note
however that, in order to be more quantitative, the conditions on 4 and/or
on the boundary condition have to take in account the details of the local
interaction U(¢,). As an example let us consider the case U(x) = x* h, =h
and J,, > 0 with J large. It is clear that, at least in the bulk, {, ~ { for all x,
where z is the solution of A+J{ =4{>. Then |{| is large when |A| is large
enough.

(2) The results (ii) and (iii) are not contained, as far as we know, in
the previous literature. Recently Spohn and Zwerger® proved a result
similar to (iii) in the particular case of the one-dimensional O(N) spin
model. They prove such result in a very different context, assuming a decay
of the correlation and proving then that the decay is the same of the
interaction. On the other hand they are able to obtain such result for any
temperature above the critical one.

In case (ii) the equivalence between (5.2) and the log-Sobolev inequal-
ity is not yet proved. In case (iii) one should expect a slow decay of the
dynamics.

(3) It is easy to prove in our framework the equivalence between the
decay of the spin—spin correlations and the decay of the correlations in the
form suggested by the Dobrushin—-Shlosman condition in ref. 21 (see, e.g.,
refs. 3 and 7). In particular we are able to prove that

i (fs DI< ANl A(@(Sy, S,)) (54

where S, is the support of u,

el = Z sup

" u(¢)‘

d(S;,S,) is the minimal distance between the support of f, g and

h(r) =e ™97 in the case (i), h(r) =e 2" in the case (ii) and A(r) =r* in
the case (iii). This equivalence can be proved as follows: one has easily

ua(f>8) = Ba(f (s, +Ls,)— f(Ls,), gWrs, +{s,) —8(Ls,))
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By the same argument leading to (4.7) one can obtain

ua(f,g)= Z - Z Y ¢"(R,,..., R,) P(R))--- p(R,)
n>1M1 ‘11 ip = 1R1 WRyc4,|Rj|>2
::Sf,R,-ZDSg
where

P(R;) =fde(¢Ri)[/?’i Lf (s, +8s,)—f ()] Balg s, +8s,) —£(Ls,)]]
Z Z 1‘[ (e?=V=¥r —1)

RcR geGg {x,y}eg
R > R\S;

— [ dvo (s (/fl v
= [av Z 29,

z n (e Txy¥x¥y 1)

R<SR geGr {x,y}eg
R > R\S;

SIC I

yeSy

)

where: {, <Y, <, +Vy,, S, = @ if i #i,, ip; if i) # i, then S, =88, =8,;
ifi, =i, =ithen §;=S,US,.

Then extracting the sup of the f and g derivatives and proceeding as
in the proof of (5.1) one obtains (5.4).

(4) One can prove very easily the following

(iv) The free energy of the system at finite volume can be written as
F(4, 0) = |47 [C,(4) +1og Z(4, »)] (5.5)

where C,(A) is defined by (2.13) and |A4| ™' C,,(A) is uniform in the volume
(but it diverges as { — o0) while |4] ! log Z(4, w) is the series in the r.h.s. of
(4.3) which is analytic in JC(J, {) in a circle around the origin with radius
independent on |A|.

Note that (iv) can be stated in terms of analyticity in J, since for
bounded J, say J < 1, C(J, {) < C where C depends only on the form of U,
and this gives an analyticity circle for J. See Appendix for more details.

(5) Our local interaction U(¢,) is polynomial. One may try to
generalize the theorem to more general U growing sufficiently fast to infi-
nity. Althought it is clear that the shifted measure can be estimated from
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above and below finding some analogous of Lemma 2, we did not find
easily the way to have for a larger class of interactions a detailed control of
the constants involved in the estimates. The regularizing effect of the large
{ should be preserved for potential U growing to infinity faster than
quadratically.

6. PROOF OF THE THEOREM

Since the result (iii) is the more difficult, we discuss it in details. The
proofs of (i), (ii) and (iv) can be obtained repeating the argument leading to
(iii), or even in a simpler way. In the end of the section we present the
sketchy argument giving the explicit behaviour of the rate of the exponen-
tial decay in the case (i) claimed in the theorem.

Proof of (iii). 'We will denote throughout the proof below with O(1)
any generic constant which depends only on a and d. The constant may
change from line to line.

We observe first that the function F(R) in (4.7), which specifies the
activity of a polymer (4.8) depends on the polymer R also via the index
i € I, implying that in (4.7) one has to perform a sum over the two special
indices i, and i, which are selected by the operator {0%/0a; 9, }|,,. 4, —o-
Hence we rewrite the sum (4.7) in the following more convenient way

/131)(¢x1 B ¢x2) = A,(xy, %) + Ay (x1, X,) (6.1
where
1
AI(XI’ xz) B n;Z (n_2)! Rlzaxl Rzgxz R3,...,ZR,,CA,
IRj| =2
¢T(R19“'a R,) p1(R)) Po(R,) p(R3)--- p(R,)
(6.2)
and
1
Ay (xy, %) = Z Z

n>=1 (n_ 1)! RlD{Xl,XZ}

X Y ¢"(Ry,...R) P(Ry) p(R,)---p(R,)  (6.3)
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where p(R) is defined in (4.2), while

ﬁl(R)=Jde(WR)(¢x1+g(-x1)) Y Il (" -1) (6.4)

geGr {x,y}eg

P2(R) =Jde(%)(¢xz+g(xz)) Y Il (> -1) (6.5)

geGr {x,y}eg

Pr(R) = f v, W)Wy, +8(x)) W, +8(x2)) Y {l_}[ (e”V¥r —1)
geGr {x,y}eg (6.6)

In what follows we will denote with p(R) an activity that can be j,(R),

P1(R) or p(R)
We will need the following lemma

Lemma 4. If JC(J, () is sufficiently small, it exists a positive func-
tion &(J, {) such that, for any z € 4, z’' € A with z # 2’

&(J,{)

|P(R)| e < ;

R:utZ|:>2 |z—2|
z,z’ € R

6.7)

a

with
e(J,0)=001)C*(J, ) J

Note that from Lemma 4 it is immediate to obtain

Corollary 5.

sup Y, (RN <O(1) e, () (6.8)

xez' RxeR

The basic tool to prove Lemma 4 and Corollary 5 is the Brydges—
Battle—Federbush tree graph inequality, namely the following lemma.

Lemma 6. Let V;,, 1<i<j<n be a set of real numbers and V,

(i=1,2,..., n) be positive numbers such that, for any subset S = {1, 2,..., n}

Y Vit Y V=0

ieS {i,j}eS
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Then

) Rl EER i ©9)

g€G, {i,jleg tel, {i,jlet

We recall that G, denotes the set of the connected graphs on
{1, 2,..., n} and T,, denotes the set of the tree graphs on {1, 2,..., n}. For the
proof of this lemma see, e.g., refs. 22-24.

Proof of Lemma 4. For simplicity we bound |5(R)| in the case in
which Rn {x;, x,} = & so that j=p as defined in (4.2). The other cases
are treated analogously. By (6.9), and observing that for any R,

Y T, < XY

x,yeR xeR

Lemma 6 can be used with V;; = —J,_ ¥, and V,, = Jy2, obtaining

I <(IT [dvaw) )= T T1 Walllll - (610
xeR teTR {x,y}eg
then
Y lp(R) "
Rc A:|R| =2
z,z7€R

<Y e ) R

n=3 RcAd,z,ZeR
|R|=n

e” " 2
<Y =g L I av@)e T T1 Wl Wyl Vs
nz2 (l’l— ) X35e0es X i=1 teT, {i,jlet
x; € A, x; #xj, Vi, j
x1=2z,x =2
—en 2 2 d;
<X C Y 3 [T dve@) el T Vel
n=2 (n—2) X350s X teT, ¥ i=1 (i,j}er
x,-EA,x,-;éxj,Vi,j
x1=z,x=2
[4eC(J, ()]"

n d.
< ri= Jyx
\n§2 (H—Z)' rezTn {tlzll <2> X3,.Z,xn {i,lj_}[er I ' JI}
x; € A, x; #xj, Vi, j
x1=2z,x =2
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Recall that, for a fixed 7 € T,, d; is the incidence number of the vertex i, i.e.,
d, is the number of links {j, k} €  such that j=i or k=i. Note also that
in the last line above we have used the bound (3.9) and the property
>i_1d; =2n—2. We now use the fact that for any 7 in {1, 2...., n}, there is
a unique path 7 in 7 which joins vertex 1 to vertex 2. Let us call I, =
{1, i,..., iy, 2} the subset of {1,2,3,..., n} whose elements are the vertices
of the path 7. Note that this set is ordered, i.e., T establishes uniquely the
order of this set in the sense that the sub-tree 7 is given explicitly by the set
of bonds 7= {1, 4, }, {i1, ir}, {i2, i3 }sens {1y B} {iks 2}
Then one can easily check that

2 [T

X3 50005 Xy {i,j}er
x; € A, x; # xj, Vi, j
x1=z,xp=12

di—17d,—1 ]___[ d;i—1 ]___[ d;—2 Z
<JA J J Y S .
i¢l iel Xi eees Xig,
i#1,2 x,-jeA,x,-j;éx,-S,Vi,j

We have by definition that J = O(1) J,. Moreover

z Jxl xil inl xiz e inkx2

iy sees Xi
x,-’_ €4, x,-]_ #* Xigs Vi, j

1 1 1
=Jk Z

iy e X |, — X ¢ |xi1 — Xy, ¢ |xik

a
—X|
i €4, i # X, Vi, j

_JTomr*

= | —x,|“

where the last line follows applying iteratively the inequality

¥ 1 1
fea lx—x[*|x—y
X#X,y

Fy S ()| NE

Hence, recalling that for any tree 7 we have >.7_, (d;—1)=nr—1, we get

[Jom1 !
Z l_[ inxj S Ia
X3 5000y Xy {i.j}er |Z_Z |
x; € 4, x; #xj, Vi, j
x1=z,xy=2'



472 Procacci a

Recalling now Cayley formula, i.e.,

Y 1= _ (=2
teT, ?=1 (d,—].)'
dy,..., dy fixed
we get
Y p(R)e™
RcA,z,Z€eR

[4eC(J, O] [JO()]"!

)

di>1

1 < o) CxJ,{)J

~
ra
—7|

< Y [44eC(J, 1" [JO(D)]"!

ns2 |z |z—2'|*
provided 44e0(1) C(J, {) J < 1. This proves Lemma 4.
Upper Bound for the Correlations
From (6.1) we can write
13 (9s, s D) < 1AL (X1, X))+ [Ax (X1, X))
Let us thus now find an upper bound for the term |4, (x;, x,)|-

|4, (x1, x,)

< Y IR@R)IRR)
Ry, Ry: |Ri| =2
X1 €Ry, xRy

[|¢T(R1, R)+Y o
nx=3 2) R3,...,R,c4
|Ri| =2

< 2 191 (R 92 (Ry)I ¢T(R1, Ry)+ z ——— B,(x, x,)
Ry, Ry: |R;| 22 )
X1 €Ry,xeRy
where
Bn(xla x2)
= ) [$7(Ry, Rys...s R)I PR 12 (R)] p(R3) -

|Ri|>2,x1 € Ry, x2€ Ry

Z |¢T(R1’R27---, Rn) P(Rz)

nd Scoppola

, " d, (n—2)! }
< na '\ = =7
n>2 (n—2)! |z—z'| d1+---+zd,,=2n—2 {;1:[1 <2> i1 (d; =1

6.11)

~p(R,,)|}

-p(R,)|
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Now we can reorganize the sum over the sets R,,..., R, using the fact that
#"(R,,..., R,) depends only on the graph g(R,,...,R,)€G,. From the
explicit definition (4.4) of ¢”7(R,,..., R,) we obtain

B,(x;, x,) = Z Z (_l)m
geG, | feG,
X Y 1Py (RO)| P2(R)] |p(R3) -+ - p(R,)|

Ry,.., R, 4 |Ri|>2

g(Ry,...R,)=g,x1€R, x2€ Ry (612)
By the Rota formula we have
Y, (=DYI<N(g) (6.13)
feGy,
feg

where N(g) denotes the number of connected tree graphs in g. The proof

of the Rota formula above can be found, e.g., in ref. 18. See ref. 24 for a

simpler proof using the Brydges—Battle-Federbush tree graph identity.® >
We observe now that

1
= — T 6.14
gezG,, [ ] IEZT,, g:rzcg N(g) [ ] ( )

Such equality can be proved as follows. First, we fix a connected tree graph
7 in 7, then we sum, for 7 fixed, over all connected graphs in G, which
contain 7 as a subgraph. We are clearly counting too much, since for the
same connected graph g in G, there are exactly N(g) tree graphs which are
contained in it. Thus in the double sum 3, 3., each g will be repeated
exacly N(g) times. Whence the presence of the factor 1/N(g) to correct
this double counting.
Inserting (6.13) and (6.14) in (6.12) we obtain

B,(x,, x,) = Z w.(x1, x;) (6.15)

tel,

where we have defined

W (X, X;) = Z 191 (RO)| P2(R)] |p(R3) -+ - p(R,)|
Ry,..., R,cA:|Rj| =2
g(R1, Ry,....,Ry)>7,x1 €R|, X2 €Ry
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Using now the obvious bound

[-1<IR|sup 3 T[]

R RAR#+#J xeR R:xeR
and calling again 7 the subtree of ¢ which is the unique path joining vertex

1 to vertex 2 and I, = {1, i,..., i, 2} the ordered set of the vertices of 7,
then one can easily check that

wr(xl ] x2)

<IT|swp T IR R |

i¢l, LxeZ® Ri:xeR;
n
X Y IR |“ =" 51 (R Ry 271 P2 (R)I 11 |R|“ 2 |p(R)
Ri,Ri . Ry Ry iel
RiARy #Boo Ry Ry # B i£1,2

<IT[sw, % @=DlIp(RI ™| @ =Dt 0= 1)

i¢l, Lxez? RixeR;
X > 151 (R e 5o(Ry)| e TT (d;—2)! |p(R,)] e
Ry, Rij o Ry, Ry iel,
RlnRil#Qi,m,R,-knRz#Q i#1,2

Now observe that

)

RI,R,-1 poens R,—k,Rz:xl ERj, X2 ERy
RinR #D,.. Ry "Ry #

d d d
xiy€Z% x; €Z xj, €Z Ry Ry R, Ri, R,
x1, X, € Ry X, xi € Ry X, X, € Ry, Xip_ s Xi €Riy X, X2€Ry

and hence recalling (6.7)

p1 (R, fl 1210:99] el®! H lp(R)| el
> 151(R))] €
Rl,R,-1 ,...,R,-k,Rz:xleRl,xzeRz iel;
RiORy #D.. Ry "Ry # D
<Y X X [, 01
x,-OEZd Xiy ez? xikeZd
1 1 1 1 1
|, _xiola |xi0 —X; | |xi1 _xi2|a |xik,, _xikla |xik —X,|*

1
<[e, D12 01y *? ——

|x; —x,
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Thus we obtain, using also Corollary 5 and observing that [{1,..., n} \ L]
=n—k-2

w1, %) < (dy — D! (dy— D! ] [sup S (d—1)!p(R) e'Rf']

i¢l, LxeZ" Ri:xeR;

1
x [ (di=2)! [e(J, )] 0(1)’°+2x—

iel, |2, — 2,

< n =IO o, DT

Summing finally over 7 (using once again Cayley formula) we obtain

B,(x1, %) < (=)L LOM) &/, O 1 -—

Thus, taking C(J, {) J such small to make O(1) &(J, {) < 1, we get for
the contribution 4, to the correlations the following bound:

|41 (¢, x,)| < z 1P1(R)| 152(Ry)] |¢T(R1, R,)|
Ry, Ry: |Ri| =2
X1 ERy, X €Ry

+2 [0 e, 1" ———

nz3 | 2|

- - 1
<Y Y Y In@IRER)I+0D, O] —
xez? R:IR|22 Ry Ryl 32 |1 — 2,
X1, XER] x3,x€Ry

1
<O(1)[e(, C)]Zl o[ S +O0()[e(J, C)]3| T
1
<O)[e(, C)]zm

i.e., in conclusion, for JC(J, {) sufficiently small we can find a constant
A, > 0 uniformly in { and A4 such that

|4, (x5 x,)| <M (6.16)

|y — x|
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In a similar and much easier way one can also prove an analogous bound
on |4,(x;, x,)| of the form

AZJC(J, C)

|4, (x1, x,)| < 2
|y — ;|

(6.17)

for JC(J, {) sufficiently small and for some constant 4, > 0 uniform in {
and 4. Note that |4,(x,, x,)| and |4,(x;, x,)| are small quantities and
|4,(x,, x,)| is of the order of (JC(J, {))? while |4,(x,, x,)| is of the order of
JC(J, D).

Hence by (6.11), (6.16) and (6.17) we get

JC(WJ, D)

545, 6,1 < O(1) ———2 -

for JC(J, {) sufficiently small.

Lower Bound for Correlations

Since we proved, by the above computations, that the correlations are
analytic in the parameter JC(J, (), it is enough to prove that the lower
order term in JC(J, {) decays as the upper bound.

Again by (6.1) we can write

A | [ @) [ dvo ), +8Ce) (W, +8(32))
X (e'mm¥n¥n —1) | +0((JC(J, )
Moreover

| J ) [ )+ 2+ P20 = )

[ @) [ @), +800)) Y, (U, +200)) W,

x1 X2

+0((JC(J, 0)?)
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and finally
Moo {[ @) [ dv ), +80e)) o, (W +8(02)) 1,
> 0(1) L0
X — x|

In the last line we use a trivial generalization of Lemma 3.

The proofs of (i) and (ii) can be done along the same lines of the proof
of (iii). Let us give here just a sketchy argument in order to show that the
rate of the exponential decay of correlations in the case of finite range
potential is indeed of the order °62-9 where Z is the range of the poten-
tial. Let d(R) =sup, ,.r |[x—y|. Observe that for each term of the series
(4.7) the n-ple of polymers R,,..., R, has to be connected, thus in particular
they must connect x; with x,. Observe, by (4.8) that if J , =0 for
|x—y| > &, then p(R) = 0 unless |R| >“R Moreover it is easy to check by
using Lemma 4 that

sup ) |p(R)| M <O0(1) e, O)"
x R:xeR
IRI=n

Hence, one can argue that the lower order term in &(J, () in the series
4.7)is

e X1 —x2|/ 2
Then for the finite range case we get
15(§q s b)) < Cem e lr =D
with

o) |log[JC(J, O]
R

m(J, w) =

7. SOME OPEN QUESTIONS

The technique presented in this paper allowed us to find some results
about the decay of the truncated correlations. Such results seem to be in
some sense optimal, as it is shown by the lower bound of the decay of the
correlations proved in our theorem, part (iii).
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With this respect the overall constant in front of the free energy due to
the possibly bad boundary conditions and the possibly large value of the
simple expectations of the fields play actually no role.

A careful control of these two topics, which corresponds to a control
of the dependence of the {,’s on the boundary condition, may be useful in
order to prove the uniqueness of the Gibbs measure in the sense presented,
e.g., in ref. 14. With our technique it is maybe possible to prove such
unicity also in some new context, say large magnetic field and/or power
decay of the interaction. The subject is under study.

APPENDIX. PROOF OF LEMMA 2

Proof of Part (i). Let us first prove the following inequalities, valid
foralli=1,2,...k

P(y,) =iy Y3 (A.D)
P(p) <4, whenever .| < (A2)

where P;(/, ) is defined in (3.3).

(A.2) follows elementary from the expression of P,(i,)

Concerning (A.1), putting f;(,) = P,(,) —il* )%, we have to show
that f;(y,) =0 for all i=1,..., k. We find the minima and the maxima
of f;(¥,). Consider just the case i > 1, since for i =1 we have trivially
f1(¥,) =0, hence f,(¥,) >0. Thus fi(¥,) =0 = 2i(y, +{,)* ' —2i{I™" ~
237, =0= (Y, +{)* ' =¥, +{,). Hence the real solutions of
fi,)=0 are Y, =0, Y, =—{, and ¢, = —2{,. Moreover for any i > 1,
we have lim, _,, f;(¥,) =+, and then f;(),=0)=0 and f;(y, =—-2(,)
= 0 are two absolute minima for f;(y,) and hence f;(y,) = 0.

We now prove the following inequality

P(y) =39y whenever [y |>1(,| (A3)

Observe first that both J% and P,(y,) are convex functions of y, with
a minimum in , = 0. Moreover P,(/, ={,)=(4'=2i—1) (¥ >1 (¥ and
P, =—()=2i=1) (¥ =37 Thus P(Y,) >3y for | > (.| and for
anyi=1,2,... k.

We can now prove first part of the lemma, i.e., (3.5).

Suppose first that |y, | <|{,|, thus we can use (A.1) (which is valid for
any ¥,) and obtain

k k L .
G~V ST 4 2 |2
i=1
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Put Fy(z) =%z%2—Y¥%1 4" luy| 2% Clearly, since k> 1, it exists R>0
such that FU(Z) > 12z%72 for all |z| > R. Define now

Cy=inf{R>0:forall|z| >R Fy(z)>3z*?} (A.9)

Thus for |{,| > C}, we have that F,,({,)—J > 1(*"*—J. If we now put

L) Cy if J<icy? A5)
I VOV A P Yor '
we obtain that F,(¢,)—J = 0 for all |{,| > C},(J), or in other words
k
qx(lpx)_‘]lp)zc = 5 Cik—Zwi whenever lpx € (_lcxla +|Cx|) and |cx| = C%}(J)
(A.6)

Suppose now |, | = |{,|, then we can use (A.3) and obtain
—J 2>l 2k l 2k_k714i 2i —J 2
qx(lpx) l// /4 x + 4 x z |u2i| lpx ‘//x
i=1
Put Gy(z) =3z%*—3 51 4" |uy| z¥. Then it exists R’ such that G,(z) >1z%*
for all |z| > R'. Define
Cy =inf{R' >0:forall|z| > R Gy(z) >iz* (A7)

Thus for |y,| > C; we have that Gy(y,)—Jy? = W2[Y¥* 2 —57]. If we
now put

c if J<lcw
Cy(J)= .
*=2 /57 if J>iCH?
we obtain that G, () —Jy? = 0 for all |y, | > Cy,(J), or in other words

qx(lpx) lex /4lp2k = 4€2k 2‘//2 Whenever |¢x| > |Cx| and |Cx| > C%J(J)

(A.8)

(A.9)
Collecting together (A.6) and (A.9) and defining
Cy =max{Cy, Cy, 1}
Cy if J<icy?
Cy(J) = { N AN (A.10)
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we get
a. (W) —JYL 235 7YL, whenever (| >Cy(J) and W, eR

and (3.5), which is the first part of the lemma, is proved.
Inequality (3.6) follows trivially from (A.2). For |, | <|{,| we can use
(A.2) to obtain

k—1 k—1
4. (0) =P )+ Y wyP(h,) SACH 4 Y Juy,| 40322
i=1 =1
and for || = Cy(J) =1
k—1
4 () T3 [4k+ 2 sl 4"] < By (¥
i=1
where
k—1 )
By =45+ ) fuy| 4 (A.11)
i=1

Proof of part ii). We now consider the case in which |{,| < Cy(J). Then,
using again (A.1)

0 () = IV = P(¥.) —{[Cy(N)1*? By + T} ¥5 = P(Y,) — Dy (J) Y%

where
(5By+1)J if J>1Cy?
D, (N)=[Cy())]* 2B, +J = A.12
w(J) = [Co()]** By {Cf,’“ZBU ¢ scicns A
Hence, using definition (3.3)
2k—1
00— W2 W | R LG4 X - Do 2 |

>30%+gW.)

where g(1) =3t*—[Cy(J)1* 24 23 |t =Dy (J) 1>. Clearly g(r) is
bounded below, i.e., we have that

g(t) = [;t* = Ey(J) '] = —4Ey())]*
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where

(5B, +1+2k4%) J if J>lcy?
Ey(J) = . s _ s (A.13)
(2kA*+By) Cy—=+J if J<3Cy
Hence we get

where
A (5By +1+2k4%)1%* J* if J>§Cf,"‘2

A (2k4*+By) CE2+J1*  if T<ICH?
(A.14)

FU(J) = 4k[EU(J)]2k = {

note that F,(J) is increasing proportionally to J* for J sufficiently large
and is bounded below by a constant greater than 1.

On the other hand, in a completely analogous way, it is simple to show
that ¢, (,) < 2y3 + Fy (J).
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